Calculus 2 wlur

- _ - university of
Final Exam SO!UtIOﬂS % / groningen
Exam Date: April 11, 2022 (16:00-18:00)

1) Consider the hyperboloid of one sheet H given by the equation
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18] a) Treating H as a level surface of a function of three variables, find an equation of the tangent plane
to H at the point P(3,9,8).

b) Use the Implicit Function Theorem to show that near the point P in part a), H can be considered
to be the graph of a function f of x and z. Compute the partial derivatives f, and f, and show
that the tangent plane found in a) coincides with the graph of the linearization L(z, z) of f(x, z)
at (3,8).

c) Use the method of Lagrange multipliers to find the point Q(x., y., z«) on the tangent plane in part
a) that is closest to the origin. Determine the distance of between the tangent plane and the origin.

22

Solution. a) The hyperboloid H can be viewed as a level surface for the function F'(z,y, z) = x2+%—z.

To obtain a normal vector to the tangent plane we may use the fact that the gradient vector is perpendicular
to level surfaces. The gradient vector of F(x,y, z) is

VF(x,y,z) :sz—l-FyijFZI;:Qxf—i- %yf— %zl;
which at the point (3,9, 8) becomes
i=VF(3,9,8 =23)7+2(9)7-L8)k=67+27—4k.

For any point Q(x,y, z) in the tangent plane, the vector 1?65 =(x—-3)"+(y—9)7+ (2 —28) k lies in
the plane and as such it is perpendicular to 77, i.e. we have

7-PO=0 & 6(z—3)+20y—9) —4(:-8 =0 < 6r+2y—4z—4=0.

Therefore 32 + y — 2z — 2 = 0 is an equation for the tangent plane to H at (3,9, 8).

b) Since F(x,y, z) is a polynomial function of x, vy, z, its partial derivatives are continuous. Further-
more, we have F'(3,9,8) = 2 and F,(3,9,8) = %y\yzg = 2 # 0. By the Implicit Function Theorem,
there is a neighbourhood of (3,9,8) in which a unique function y = f(x,z) is defined and satisfies
F(z, f(x,2),z) = 2. The partial derivatives of f are found via implicit differentiation

F, 2 9z F, -1z 9
fl‘:__:_Q_:__u fz:__:_2 - -
F,o 5y 0y Fy S
taking the following values at (3,9, 8):
9(3) 9(8)
2(3,8) = ——=— = -3, 2(3,8) = —= =2.
£3,8) = =2 138 = 15

Hence the linearization of y = f(z, 2) at (3,8) is

L(x,z) = f,(3,8)(z —3) + £.(3,8) (¢ — 8) + f(3,8)
=-3x—-3)+2(2—-8+9
= =3z + 2z + 2.
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The graph of the linearization is given by the equation y = —3z+ 22+ 2 which coincides with the equation
of the tangent plane found in part a).

c) To find the point Q(x., Y, z.) is to minimize the distance from the origin which is equivalent to
minimizing the function d(z,y,2) = 2% + y* + 2% (i.e. distance from the origin squared) subject to the
constraint g(x,y, z) = 3z +y — 2z = 2. We use the method of Lagrange multipliers and solve

20 = 3\
Vd(r,y,z) = A\Vg(r,y, 2) - 2y = A
g(I,y,Z):2 222—2)\

3r+y—22z=2

Ay = 1)\, z = —\, which plugged into
find the coordinates of the point () to be
% — ) Its distance from the origin is

for x,y,2z, A\. From the first three equations we get x =

the last equation yields 7A = 2, hence A\ = % Therefore wi

Ty = %(%) = % Yy = %(%) = % Ze = —%, ie. Q(Tu,Ys, 24) = (§

V14 2
/d :lt*,y*,z* \/32+12+< 22:7:\/;

(D N[O

Alternatively, this distance can be found computing the length of the projection of the vector O? to 7

L _li-0P 6@ +20)-48) 4 2 2

7| V2224 (-4 V56 V14 7

2) Consider the vector field

G(z,y,2) = mz+ (m +Bzey> J+evk
with parameters A, B € R.
[9] a) Determine the values of A and B for which G is conservative.

b) For A and B found in part a), determine a scalar potential for G.

c) For A and B found in part a), compute the line integral of G along the curve of intersection of the
paraboloid 2z = 22 + y? and the plane y = 1 from the point Py(0,1,1) to the point P;(1,1,2).

Solution. a) Since G is defined everywhere on R? and has continuously differentiable components, it is
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conservative if and only if curl G = 0. We have

7 7 k

- . 0 0 0
Ax 2y

Bze¥ eV

P4l 2aygrl €

[0 0 2y
_ | Y _ Y y\| >

_Qy(e) 8z<w2+yz+1+Bze)]Z

[0 Az 0

e o R OR AN It
+_82 (x2+y2+1) 8:6(6 )]‘7
[0 2y y 0 Az -
@(x2+y2+1+3%)_a_y(x2+y2+1>]k
—4xy —2Axy }l;

—[¢ = Be!) 7+ [0—0] ] -
[ = Befl v+ | ]j+{(a;2+y2+1)2 (22 + 2+ 1)2

+

—2xy -

=eY[1-Bl71+——2 2 Al k
e ]Z+(g;2+y2+1)2[ ]

so curl G = 0 everywhere if and only if A=2and B =1:

= 2z . 2y N -
G(z,y,2) = x2—|—y2—|—12+ <x2+y2+1+zey>3+eyk.

b) We need to solve the equation Vg = G with A =2, B=1 for g. Written in component form, it
reads

2x
xX = ) ].
g 2 +y?+1 1)
2y
g, = T T + zeY, (2)

Integrating both sides of eq. with respect to x, we obtain
g9(w,y,2) = In(z® +y* + 1) + h(y, 2), (4)

where h(y, z) is a constant of integration depending on y and z (but not x). Differentiating with

respect to y, we get
2y

=————+h 5
9y x2+y2—|—1+ y(yaz) ()
Comparing egs. and (5] gives
hyly, z) = ze* (6)
which integrated with respect to y yields
h(y,z) = ze¥ 4+ k(). (7)

Again, we have constant of integration k(z) that may depend on z (but not y). Plugging this into eq.

gives us

g(x,y,2) =In(x® +y* + 1) + ze¥ + k(2). (8)
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Differentiating with respect to z and comparing the result to ({3) yields
K(2)=0 = k(z) = K (constant). (9)

Therefore we find that
g(z,y,2) =In(x* +y* + 1) + ze¥ + K (10)

is a potential of the conservative vector field G (with A =2, B = 1).
c) Since G (with A = 2, B = 1) is conservative, i.e. we have G(z,y,z) = Vg(z,y,z) with the
potential g(z,y,2) = In(z? + y* + 1) + z¢¥ + K we have

/ G-di = g(P1) — g(Py) = g(1,1,2) — g(0,1,1) = (In3+2¢) — (In2+¢) = e +1n3 —In2
Po—P

by the Fundamental Theorem of line integrals.
Alternatively, we could parametrize the curve in question by the vector function

Fla) =27+ J+ (2> + 1)k, 0<x<1

whose derivative is ~
7'(x) =7+ 2wk, 0<z<l1

and along which the vector fields takes the values

= 2z 2 . -
G(r(z)) = x2+22+ (x2+2+(x2+1)e)j+ek.

Hence the line integral can also be directly evaluated as follows

- L. L7 o9 o
/ G-dr = / G(r(x))7(x)dx = / < 5 _T_ 5 + 2xe> dz = [In(z” + 2) + 27 7(1) =In3+e—In2.
0 0 \Z =

Po%Pl

3) Consider a fluid with the velocity field
- —y B T

Vix,y,z) = 7+
( ) Vit a4 y?

and the surface S = {(z,y,2) € R® |22 +¢y* =1, —y — 3 < z < y + 3} with outward normal vectors
and positively-oriented boundary 0S.

T+ (@ +y?) 2k

a) Describe and sketch the surface S and its boundary 05 (draw orientation).
Verify Stokes' Theorem by

b) calculating the circulation of 1% along 05, i.e. fas V - di and

c) computing the flux of curl V across S, that is I/ curl V - dS.

Solution. a) The surface S is the part of the cylinder of radius 1 with the z-axis as axis that is above
the plane y + 2z + 3 = 0 and below the plane y — 2 +3 = 0. The boundary 05 consists of the two ellipses
C} and C; obtained by slicing the cylinder with each of the planes (see Figure [1)):

Cr={(z,y,2) |22 +y* =1, z=y+3}, Co={(v,y,2) |2 +y*=1, 2= —y—3}.

These ellipses can be thought of as the projection of the unit circle 22 4 3% = 1 onto the planes z = y +3
and z = —y — 3, respectively. Since the normal vectors point outward (meaning away from the z-axis), the
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Figure 1: The surface S and its boundary S = C; U C; (with positive orientation).

boundary becomes positively-oriented if the upper ellipse C' is traversed clockwise and the lower ellipse
Cs5 is traversed counter-clockwise when viewed from above.
b) Based on part a), the following vector functions can be used to represent the (oriented) boundary
85’ = Cl U CQZ
Cy 71(t) = costi'—sint J+ (3—sint)E, 0<t<2m,
Cy: 7 (t) = costi+sintj— (3+sint)k, 0<t<2m.

The circulation of V along the boundary 95 = C U C} is the sum of the line integrals of 1% along the

two ellipses C7 and Cs:
/V-dF:]{V-dFJr}{V-dF.

oS Ch Co

To compute these line integrals, we need the tangent vectors as well as the values V takes along the
curves. Along C7, we obtain

7 /(t) = —sint7— costJ— costk
and
- —(—sint) . cost . 9 .9 _ -
V(ri(t)) = T+ 7+ ((cost)® + (—sint)®) (3 — sint) k

V(cost)? + (—sint)2  y/(cost)? + (—sint)?

-

=sint7+4 costj+ (3 —sint) k

and similarly, along C5 we get

7'(t) = —sint 7+ cost J— costk

/(7 = —(sind) v cost 7+ ((cost)? + (sint)?) ( — sint)) k
rR = v/ (cost)? 4 (sint)? ' v/ (cost)? 4 (sint)? T+ ((cost)” + (sin)*) (= (3 +sint)) &

= —sintv+ cost7— (3 +sint) k.
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Hence the line integral along the upper ellipse C' is

%V%W:A%Wﬂ@yﬁ%Mt

Cy

2
:/ (sint?+ cost 7+ (3 —sint) k) - (—sinti'— cost j— cost k) dt
0
27
:/ (—sin*t — cos®t — 3cost +sintcost) dt
0
2T
:/ (—1 —3cost+sintcost)dt
0

whereas along the lower ellipse C'; we get

21
waW:/ T(R(b) - () dt
Co 0
2T

(—sint7+ cost j— (3+sint) k) - (—sint 7+ cost J— cost k) dt

2
(sin®t + cos®t + 3cost + sint cost) dt

2w
(14 3cost +sintcost)dt

o— S— —

When we add these two integrals the first two terms cancel leaving us with

27
/V-df’:/ 2sintcostdt = [sinzt}zo:sin227r—sin20:0—0:0.
0

as

Thus we see that the circulation of V along the boundary of S is zero.
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c) Let us first compute the curl of V:

7 7 k
B
curlV =V x V = or ay Oz
Y o 2 2
JErg VEig O

Va+y? —ag(@® + )72 (20) -ty 4y +yt) TR (2y)

k
$2+y2 1.2+y2

1 -
——k
\x? + y?

The surface S is a piece of a cylinder so let us parameterize it in cylindrical coordinates using the vector
function

=2yz7—2xz27+

70, 2) :cosef—l—sin(?j—i—z/;, 0<60<2mr, —3—sinf <z<3+sinb

remember that we have —y —3 < 2z < y+ 3 and y = sinf on S hence the bounds for z. The derivatives
of (0, z) with respect to 6 and z are

—

py = —sinf 7+ cosb 7, Fz:lg
and therefore we have

Ty X 7y = (—sinf7+ cos87) x k= —sinf (Tx k) + cos0 (Jx k) = —sinf (—]) + cos 7

Ty X T, = cosf+ sinf J.
The vector field curl V takes the following values on S:

1
Vcos? 6 + sin? 0

curl V(7(0, z)) = 22sin 07— 2z cos 0 J+ k=22sin07— 2zcos 0T+ k.
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So the flux of curl V across S is

3+4-sin 6
// curl V- dS = / / curl V(7(0, 2)) - (7p x 7.) dz df
—sin @

3+sinf
/ / (2z8in07—2zcos )+ k) - (cos0 7+ sin 6 7) dz db

3—sin 6

3+sm9
/ / 2(sin @ cos @ — cosOsinf) dz do

sm9
2 3+sinf
/ / 0dzdf = 0.
3—sinf
Thus we see that the flux of curl V across S is zero.

4) Consider the vector field
F(z,y,2) = w20+ yz7+ 2%k
over the solid region £ = {(z,y,2) € R® | 2* + y* + 22 < 4, z > /22 + y?} and its outward-oriented
boundary surface OF.
a) Describe and sketch the region E and the surface OF (draw orientation).
Verify the Divergence Theorem by

b) computing the flux of F' across OF, that is IJor F-dS and

8] ¢) evaluating the triple integral of div F over E, i.e. Iz div F dV.

Solution. a)The inequality 2% + y? + 22 < 4 gives us the ball of radius 2 centred at the origin. The other
inequality z > /22 + y? yields a region above the circular cone whose axis is the positive z-axis with its
apex at the origin and an apex angle of /2. The solid region E is the intersection of the two regions,
i.e. the piece of the ball that is above the cone (see Figure . Accordingly, the boundary of E is the
union of a piece of sphere and a piece of cone. More precisely, let S7 denote of the portion of the sphere
of radius 2 centred at the origin for which we have the polar angle 0 < ¢ < /4. And let S, denote the
piece of cone such that 22 + % + 22 < 4. In summary, we have OF = S; U S,.

z

Figure 2: The solid region E (with outward-pointing normal vectors).
b) From part a), we deduce that S is given by the vector function
Si: Fi(,0) =2sindcosO7+ 2singsind 4+ 2cospk, 0<¢<m/4, 0<6<2n.
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and the surface S is given by the vector function
Sy 7?2(9,2):ZCOSQT+ZSin9f+ZE, 0<h<2m 0<2z<+V2.

Note that the upper boundary for z was obtained by finding where the two surfaces 22 4+ y? + 22 = 4 and
2z = y/x? + y? intersect. There we have both equations satisfied, hence

4=+ )+ 2= (Va2 + 12 + 22 =)+ 22 =22 = =2

which implies z = /2 since z is non-negative on the cone. The flux of F across OF = S; U S, is the
sum of the surface integrals of F' across S7 and Sj:

//ﬁ.dgz//ﬁ.d§+//ﬁ.d§.
OF S1 Sa2

To evaluate these surface integrals, we need to find (outward) normal vectors to the surfaces as well as
the values of I on the surfaces. On S, we have

(1) = 2cospcosf '+ 2cos psinf j— QSinng
and
(71)s = —2sin ¢sin 7'+ 2sin ¢ cos b 7.
The cross product of these derivatives yields normal vectors to S;:
(T1)p X (T1)g =(2cos pcos @7+ 2cos psinf 7— QSinng) X (—2sin¢sin '+ 2sin ¢ cos 6 ))
—=(2cos ¢ cos 0)(2sin ¢ cos ) (i x J) — (2 cos ¢ sin 0)(2sin ¢ sin 6) (7% 7)
+ (2sin ¢)(2sin ¢sin 0) (k x 7) — (2sin ¢)(2sin ¢ cos 0) (k x J)
—(4sin ¢ cos ¢ cos® 0) (k) — (4sin ¢ cos ¢ sin® 0)(—k)
+ (4sin® ¢sin 0)(7) — (4sin® ¢ cos ) (—7)
=4 sin? ¢ cos O 7+ 4sin® ¢ sin @ 7'+ 4 sin ¢ cos ¢(cos? § + sin® 0) k
=4 sin% ¢ cos 7+ 4sin? psin 0 7'+ 4sinqbcos¢lg.

As for the values of F' on S, we get
ﬁ(ﬂ(gb, 0)) = 4sin ¢ cos ¢ cos 7+ 4sin ¢ cos psinf 7+ 4COSQ¢E.
Hence the normal component of Fis

F((6,0) - (7)o x (7))

= (4sin ¢ cos ¢ cos A)(4sin® ¢ cos 0) + (4 sin ¢ cos ¢ sin 0) (4 sin? ¢ sin ) + (4 cos® ¢)(4 sin ¢ cos ¢)
= 16sin® ¢ cos ¢(cos® § + sin? ) + 16 cos® ¢ sin ¢

= 16 sin® ¢ cos ¢ + 16 cos® ¢ sin ¢.
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The flux of F across Sy is

//ﬁ-d§: /0% /Om F(71(,0)) - (7)g % (7)) do dO

St

2r  pm/4
= / / (16 sin® ¢ cos ¢ + 16 cos® ¢ sin ¢) dep df
o Jo

2 w/4
= / d@/ (16 sin® ¢ cos ¢ + 16 cos® ¢ sin @) dop
0 0

=m/4

= [0]5=" [4sin® ¢ — 4 cos” ¢] zzo

= (2m) (4 sin % —4cos? % —4sin* 0 + 4 cos? O)

= (2m) (4% - 4% -0+ 4) = (2m)(4) = 8.

On S5, we have the derivatives
(r)g = —zsin@ '+ zcosb 7, (Fg)2200597+sin9j+E

and so we get the outward normal vectors

— (—zsin?0) (k) — zsinO(—7) + (z cos? 0)(—k) + z cos 6(7)

(

= (—zsin?0)(Tx J) — zsinO(Tx k) + (zcos?0) (7% 7) + z cos O(7 x k)
(

= zcosO7+ zsinf 7— z(sin® 0 + cos® 0) k

= 2cos07+ zsinf j— 2 k.
The vector field F' takes the following values on Sj:
F(7(0,2)) = 2% cos 0T+ 22 sin 0 7+ 22 k.
Its normal component is

F(7(0, 2)) - ((P2)e x (72).) = (2° cos0)(z cos ) + (2 sinf)(zsinf) + (2%)(—=2)
= 2%(cos? 0 +sin’f — 1) = 0

and hence the flux of F across Sy is zero

woas— [ [T E 0. ) - (e x o= [ [ odsaz —o.
4/F-d3:/O/OF(T2(9» ) - (7)o X (72).) d d /O/OOded 0

Therefore the total flux ofﬁﬁ across OF is 8.
c) The divergence of F'is

The solid E can be expressed in terms of spherical coordinates as follows
T

E: 0<p=<2, 0§¢§4,

0<6<2m.
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Therefore the triple integral of div F over E is

///divﬁdV:///4de:/2/7r/4/2ﬂ 4p cos @) (p*sin ¢) d de dp
B

2 2 = /4
/ 4p° dp/ smqﬁcosgzﬁd(b/ do = [p*]"_ 2 {sm ﬂ [9]323”
¢

=0

— (29 ( n2 1 S”; 0) (27) = 16 (f;) (27) = 16 <D (27) = 8.
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